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	ABSTRACT

	This study aims to describe students’ mathematical reasoning processes within the framework of Realistic Mathematics Education (RME), particularly focusing on how learners develop proportional and logical reasoning through contextual tasks. Using a qualitative case study design, the research involved classroom observations, task-based interviews, and analysis of students’ written work collected from two purposively selected university students. Data were examined through thematic analysis to identify patterns of reasoning related to multiplicative strategies, symbolic manipulation, and the use of contextual or visual representations. The findings indicate that both students demonstrated strong procedural and symbolic proficiency, especially in applying logical laws and performing formal transformations; Student A showed consistent vertical mathematization, while Student B provided partial conceptual explanations but lacked systematic justification. However, neither student exhibited meaningful horizontal mathematization, contextual interpretation, nor the use of emergent models characteristic of RME-based learning. Their reasoning predominantly reflected imitative-procedural approaches rather than creative or relational reasoning, suggesting that their learning experiences did not sufficiently support guided reinvention or conceptual development through realistic contexts. These results highlight the need for instructional designs that integrate contextual tasks, visual models, and scaffolding aligned with RME principles to foster deeper conceptual understanding and more flexible reasoning.
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1. Introduction 
[bookmark: _Hlk216280997]Proportional reasoning is widely recognized as one of the core foundations of mathematical literacy, supporting learning in algebra, geometry, measurement, probability, and scientific inquiry (Lamon, 2020; Hilton et al., 2021). According to Tourniaire and Pulos (1985), proportional reasoning involves the ability to conceptualize multiplicative relationships between quantities and to identify invariant ratios across various contexts. Recent studies reaffirm that proportional reasoning is not merely a computational skill but a cognitive process that requires recognizing multiplicative structures rather than additive patterns (Degrande et al., 2019; Jeong et al., 2022). However, research consistently shows that many secondary students struggle with recognizing proportional relationships, often defaulting to additive reasoning and heuristic shortcuts (Fernández et al., 2021). These difficulties highlight the need for pedagogical approaches that situate proportional relationships in meaningful, realistic contexts that allow students to construct understanding gradually.
Numerous studies document systematic misconceptions in students’ proportional thinking. For example, students often compare differences instead of ratios, misinterpret scaling factors, or rely on naive linear models in nonlinear contexts (Fernández & Llinares, 2020; Van Dooren et al., 2018). Siegler et al. (2020) found that even high-achieving students frequently rely on additive strategies when confronted with unfamiliar problems, suggesting that procedural competence does not equate to conceptual understanding. Other research by Hilton et al. (2021) shows that students tend to overgeneralize proportional relationships, applying multiplicative reasoning in situations where proportionality does not hold. These misconceptions are deeply rooted in the absence of contextualized learning experiences that help students distinguish between proportional and non-proportional situations. Thus, an approach like Realistic Mathematics Education (RME), which emphasizes sense-making through contextual problems, becomes particularly relevant.
Realistic Mathematics Education, developed by Freudenthal and colleagues at the Freudenthal Institute, is built on the premise that mathematics should be experienced as a human activity rooted in reality (Gravemeijer & Terwel, 2000; Van den Heuvel-Panhuizen, 2020). RME emphasizes guided reinvention, horizontal and vertical mathematization, emergent models, and the development of formal mathematics from informal contexts (Doorman et al., 2021). Recent empirical works (Shimada & Becker, 2022; Wijaya et al., 2015) show that RME encourages students to use intuitive strategies as a starting point for building formal mathematical understanding. The approach prioritizes meaningful contexts, visual models, collaboration, and student-centered inquiry elements that support deeper reasoning processes, including proportional reasoning.
A growing body of research demonstrates that RME enhances students’ mathematical reasoning, including reasoning types such as imitative reasoning, creative reasoning, and structural reasoning (Lithner, 2017; Boesen et al., 2021). Studies in Indonesia and the Netherlands indicate that RME-based instruction helps students shift from procedural mimicry toward more flexible, conceptual, and strategic reasoning (Wijaya, 2017; Putri & Zulkardi, 2020). Research by Sari and Putri (2021) demonstrates that when students engage in contextual tasks, their reasoning pathways become more transparent, enabling teachers to identify misconceptions early and scaffold more effectively. Hence, RME provides an instructional environment that supports proportional reasoning development through contextual modeling rather than rote computation.
Contextual tasks play a central role in promoting students’ understanding of proportional relationships. According to Greer (2020), engaging learners in realistic contexts, such as distance-time problems, mixtures, recipes, and scaling situations allows them to mathematize naturally occurring proportional structures. A study by Jeong et al. (2022) found that when proportional reasoning is grounded in authentic tasks, students demonstrate significant gains in identifying invariance, scaling multiplicatively, and reasoning with ratios. Moreover, contextualized proportional tasks help students transition from intuitive judgment to structured reasoning, particularly when supported by visual models such as double number lines or ratio tables (Oliveira et al., 2023). These tools are closely aligned with RME’s use of emergent models, reflecting the power of visual representation in bridging informal and formal thinking.
Representations such as ratio tables, bar models, and double number lines serve as intermediate models that support students’ transitions from informal strategies to more formal proportional reasoning (Gravemeijer & Bakker, 2018; Van den Heuvel-Panhuizen, 2020). Recent classroom-based studies (e.g., Degrande et al., 2019; Fonger et al., 2021) show that visual models are instrumental in helping students identify multiplicative relationships and recognize invariant ratios. According to Bakker et al. (2021), representations in RME are not merely instructional tools but conceptual bridges that allow students to reinvent mathematical ideas through progressive mathematization. When coupled with contextual tasks, these models empower learners to coordinate quantities, justify solutions, and reflect on their reasoning processes.
Recent international studies indicate that RME-based interventions significantly improve students’ proportional reasoning compared to traditional instruction. For example, a quasi-experimental study by Wahyudi and Zulkardi (2020) found that students exposed to RME tasks showed greater improvement in multiplicative thinking and reasoning flexibility. Similarly, De Corte and Verschaffel (2019) reported that RME classrooms encourage students to adopt more relational strategies when solving proportional tasks. In Asian contexts, research by Putri et al. (2021) demonstrates that integrating local cultural contexts enhances students’ conceptual understanding and engagement. Together, these findings suggest that RME offers a promising pathway for developing robust proportional reasoning.
Despite the substantial evidence on the benefits of RME, relatively few studies employ in-depth qualitative approaches to analyze students’ reasoning trajectories in solving contextual proportional tasks. Most existing works rely on quantitative measures or focus on learning outcomes rather than process-oriented reasoning (Hilton et al., 2021; Fernández et al., 2021). There is a need for research that captures how students interpret contexts, make decisions, shift strategies, and negotiate meaning during problem-solving activities. Qualitative methods especially classroom observation, task-based interviews, and analysis of students’ written work offer a rich lens for uncovering these reasoning patterns. This research fills that gap by providing a detailed qualitative perspective on how students build proportional reasoning through contextual tasks framed in RME principles.

2. Method 
Research Design
This study employed a qualitative research design grounded in a case study approach, allowing an in-depth examination of students’ proportional reasoning as it emerges through contextual tasks aligned with the principles of Realistic Mathematics Education (RME). A qualitative case study is appropriate because it aims to capture students’ natural reasoning processes, interpret their strategies, and document how meanings are constructed in authentic classroom settings (Creswell & Poth, 2018; Merriam & Tisdell, 2016). The case in this research is defined as a bounded system consisting of one mathematics classroom where RME-based proportional tasks were implemented over a series of lessons. This design facilitates a holistic, context-sensitive understanding of how students engage with proportional situations and how their reasoning evolves.
In addition to the case study lens, this research also incorporates elements of naturalistic inquiry, emphasizing the observation of students in their natural learning environment without experimental manipulation (Lincoln & Guba, 1985). The goal is to interpret students’ reasoning based on their lived experiences during learning activities. Such a naturalistic approach aligns well with the philosophical foundations of RME, which views mathematics as a human activity situated in meaningful contexts. In addition, according to (Fonger et al. 2021) proportional reasoning is very much needed for meaningful modeling to facilitate conceptual transitions that place emphasis on the systematic collection and analysis of visual models created by students during problem-solving. 
2. Participants and Setting
The study involved two university students in the mathematics department (TMW & R), selected through purposive sampling, ensuring the inclusion of students with diverse levels of mathematical proficiency. Purposive selection is appropriate because RME research prioritizes the exploration of reasoning variations rather than statistical generalization (Patton, 2015). The participants were from a public junior high school implementing a curriculum that supports contextual and competence-based mathematics instruction. The learning sessions took place in a regular mathematics classroom over 3–5 meetings, focusing on proportional reasoning topics such as scaling, ratio interpretation, mixture problems, and comparison of quantities. The lessons were designed collaboratively with the classroom teacher to ensure alignment with the national curriculum and RME principles (guided reinvention, contextual problem-solving, emergent models).
3. Instruments and Data Sources
Multiple qualitative data sources were used to triangulate findings and strengthen the validity of interpretations:
1. Classroom Observations
Conducted using a semi-structured observation protocol focusing on students’ strategies, interactions, and reasoning patterns. Field notes recorded spontaneous reasoning behaviors, misconceptions, and teacher scaffolding.
2. Task-Based Interviews
Conducted individually after the classroom activities. Students were asked to verbalize their thinking while solving proportional contextual tasks. Interviews were audio-recorded and transcribed verbatim.
3. Students’ Written Work
Worksheets, scratch notes, and RME-based task responses were collected. Written responses were analyzed for reasoning indicators such as use of multiplicative strategies, recognition of invariance, and representation forms.
4. Researcher Journal
Used to document methodological decisions, reflective notes, and theoretical memos during analysis. Using these varied sources enables a thorough understanding of the reasoning process and the development of a rich interpretive narrative.
4. Data Collection Procedures
Data collection followed four phases:
1. Lesson Implementation
The researcher collaborated with the teacher to deliver proportional RME tasks. Students engaged in group and individual problem-solving using real-world contexts.
2. Observation and Documentation
The researcher observed each session while taking field notes and capturing video/audio recordings.
3. Task-Based Interviews
Conducted after the teaching sequence to probe deeper into students’ reasoning strategies. Students were encouraged to explain “why” and “how” they made particular decisions.
4. Archiving Written Products
All students’ written work was collected, scanned, and coded for systematic analysis. This process ensures that data are comprehensive, naturally occurring, and reflective of authentic reasoning.
5. Data Analysis
Data analysis employed  Thematic Analysis following Braun and Clarke’s (2019) six-phase framework: (1) Familiarization with Data, Reading all transcripts, field notes, and written work repeatedly. (2) Generating Initial Codes, Identifying segments related to proportional reasoning indicators (e.g., additive vs. multiplicative strategies, models used). (3) Searching for Themes, Combining codes into broader themes such as “informal reasoning,” “recognition of invariance,” “emergent representations,” and “persistent misconceptions.” (4) Reviewing Themes, Refining themes for coherence across data sources. (5) Defining and Naming Themes, Producing clear theoretical definitions aligned with RME and reasoning literature. (6) Producing the Report,  Integrating findings with literature to present a coherent narrative. Additionally, students’ written strategies were categorized using frameworks such as: Additive vs. multiplicative comparison (Van Dooren et al., 2018), Intuitive, developing, and formal reasoning levels (Lamon, 2020). Models-of / models-for transitions in RME (Gravemeijer & Bakker, 2018). Triangulation was conducted across observation, interview, and written data to validate interpretations.
6. Trustworthiness
Strategies to ensure trustworthiness followed Lincoln and Guba (1985): (1) Credibility: Triangulation of three data sources; prolonged engagement in the classroom; member checking with students and the teacher. (2) Transferability: Thick description of the classroom setting, tasks, and reasoning episodes. (3) Dependability: Audit trail documenting coding procedures and analytic decisions. (4) Confirmability: Reflection logs to reduce researcher bias and maintain neutrality.
7. Ethical Considerations
Ethical protocols include informed consent from school authorities, assent from students, anonymity using pseudonyms, and secure storage of data. All classroom activities adhered to local regulations and school guidelines.

3. Result and Discussion 
RESULTS
This analysis is mapped to the Realistic Mathematics Education (RME) framework through the concepts of horizontal mathematization, vertical mathematization, emergent models, and guided reinvention.
1. Student Findings A (TMA)
Student  A shows a high ability in formal-procedural mastery through the application of logical laws such as De Morgan's Law, complement law, distributive law, and implicit transformation. This can be seen from the writing of tautological evidence that is presented sequentially, completely, and consistently. For example, in the proof of tautology (P ∧ Q) → (P ∨ Q), Students Write Transformations “¬(P ∧ Q) = ¬P ∨ ¬Q” as a first step to simplify the implications. Student A shows strong vertical mathematization, which is the ability to move from conceptual representation to formal symbol manipulation. However, no use of real contexts, diagrams, analogies, or graphical representations was commonly found in the RME learning flow. This means that student A's reasoning is closer to the formalistic symbolic reasoning From model-based reasoning. Student A demonstrated a high level of procedural-formal mastery through the application of logical laws such as De Morgan's Law, the law of complement, the distributive law, and implication transformation. This can be seen from the writing of tautology proofs that are presented in a sequential, complete, and consistent manner. For example, in proving the tautology (P ∧ Q) → (P ∨ Q), the student wrote the transformation “¬(P ∧ Q) = ¬P ∨ ¬Q” as the first step to simplify the implication.  Student A demonstrates strong vertical mathematization, which is the ability to move from conceptual representation to formal symbolic manipulation. However, there is no use of real-world contexts, diagrams, analogies, or graphic representations commonly used in RME learning. This means that Student A's reasoning is closer to formalistic symbolic reasoning than model-based reasoning. In the section on set theory, Student A provided arguments using the definition of membership, for example, in proving the identity A ∪ ∅ = A. Although correct, the arguments were written directly in formal language without situational illustrations or representative models (e.g., Venn diagrams). This indicates a dominance of formal reasoning and a lack of guided reinvention that should occur in RME-based learning.
1. Student Findings B (R)
Student B showed a different reasoning profile. Although able to solve problems correctly, the student's explanations often jumped around or did not provide complete justifications. For example, in the tautology proof, the student wrote down the results of the implication transformation without showing the formal reasoning behind each step.  Nevertheless, Student B began to use verbal explanations in some parts, especially those related to set identities. For example, the explanation “because the element is in A or in ∅” shows the beginnings of conceptual reasoning, but it is not deepened using contextual models as recommended by RME. In the section on reflexive and symmetric relations, the student wrote examples of pairs and made arguments, but still without visual representations or real-world contexts. Although the reasoning was correct, the lack of visual scaffolding (e.g., relation charts or arrow diagrams) indicated that the student had not yet used emergent models at an early stage.
C. Comparative Analysis and Reasoning Patterns
A comparison between the two students reveals a convergent pattern: both demonstrate good symbolic reasoning but still lack conceptual-contextual reasoning. Within the RME framework, this indicates that learning emphasizes vertical formalization over horizontal mathematization. Student A excels in consistency and symbolic accuracy; Student B has a tendency to generalize verbally but lacks depth. Both patterns indicate that without RME-based intervention, their understanding remains at the manipulative-procedural level.
Table 1. Categories of Student Reasoning in the RME Perspective

	Category RME
	Description
	Student A
	Student B

	Horizontal Mathematization
	Connecting abstract concepts to context or models
	Low (no context)
	Low (shallow verbal explanation)

	Vertical Mathematization
	Symbol manipulation, legal use, formal proof
	High (consistent)                      
	Intermediate (there is a step jump)                

	Emergent Models
	Use of diagrams, illustrations, or representative models
	
	

	Guided Reinvention
	Finding concepts through context before formalizing them
	Invisible                            
	Invisible                                 

	Reasoning Type
	Imitative vs Creative reasoning
	Dominan imitative reasoning terstruktur
	Imitative reasoning dengan celah konsistensi



DISCUSSION
1. Interpretation of Findings in the Context of RME
The results show that both students are capable of symbolic-formal mathematical processing, but have not yet demonstrated reasoning development supported by the fundamental characteristics of RME. Ideally, RME places contextual understanding before formalization; however, the data show that the students' reasoning developed without going through the contextual path recommended by Freudenthal. The absence of horizontal mathematization resulted in the students' reasoning being less flexible. They can solve problems whose structure and rules they are familiar with, but have not yet demonstrated the ability to construct arguments from realistic contexts or to utilize visual representations as thinking tools. These findings are consistent with international studies showing that students who learn formal mathematics tend to master procedures without deep conceptual understanding (Degrande et al., 2019; Fernández et al., 2021). A purely symbolic approach causes students to develop imitative reasoning, while creative reasoning develops when students are given the opportunity to interact with models and contexts (Lithner, 2017). In the context of Discrete Mathematics, the use of models such as Venn diagrams, relation graphs, logic tables, or real-world cases can enrich reasoning and is very much in line with RME. The absence of such models in students' answers indicates that the learning design they experienced did not sufficiently facilitate emergent modeling.

1. Pedagogical Implications

a. It is necessary to integrate context-based assignments for logic and set topics so that students can conduct a guided reinvention of concepts before formalizing them.
b. Visual representations should be the first step, not a complement, in learning.
c. The assessment rubric should assess justification, not just results.
d. Students need to be trained to write evidence with a premise structure → rules → conclusions so that their reasoning is more explicit.

Table 2. RME-Based Reasoning Assessment Rubric

	Aspects
	High Level
	intermediate level
	Low Level

	Horizontal Mathematization
	Clearly connect concepts to realistic context
	Explain concepts verbally without context
	No connection to context

	Vertical Mathematization
	Complete, concise, and correct symbolic arguments
	There is formal evidence but there is a step jump
	Inconsistent symbol manipulation

	Use of Models
	Using diagrams/models as part of an argument
	Using representations but inconsistent
	Not using models

	Justification Quality
	Each step has an explicit reason               
	Some steps are justified                  
	Unjustified steps       



The analysis of the two students showed that both mastered formal reasoning but had not developed conceptual reasoning within the framework of RME. This provides empirical evidence for the need for the implementation of context-rich tasks, emergent modeling, and guided reinvention in Discrete Mathematics learning.

4. Conclusion 
This study reveals that the two students investigated demonstrate strong procedural and symbolic proficiency but limited conceptual understanding within the RME framework. Both participants were able to manipulate formal rules and produce correct symbolic proofs, yet their reasoning did not reflect horizontal mathematization, contextual interpretation, or the use of emergent models. Student A showed consistent vertical formalization, while Student B provided partial conceptual explanations but lacked systematic justification. These findings suggest that reliance on symbolic instruction alone leads to imitative rather than creative or relational reasoning. Strengthening RME-based instructional design—through contextual tasks, visual models, and guided reinvention—is essential to help students build deeper proportional reasoning. Future studies should expand the participant pool and investigate long-term learning trajectories to better understand how RME principles can support more robust conceptual development in higher mathematics.
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